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ABSTRACT
We present an equivariant extension of the Thom form with respect to a vector
eld action, in the framework of the Mathai-Quillen formalism. The associated
Topological Quantum Field Theories correspond to twisted N = 2 supersymmetric
theories with a central charge. We analyze in detail two dierent cases: topological
sigma models and non-abelian monopoles on four-manifolds.
1. Introduction
It is by now a well-known fact that many N = 2 supersymmetric theories
can be reformulated through a \twisting" of the supersymmetry algebra in order
to construct Topological Quantum Field Theories. The classical examples of this
procedure are the Donaldson-Witten theory [1] and the topological sigma model
[2], which arise by twisting the N = 2 supersymmetric Yang-Mills theory and the
N = 2 supersymmetric sigma model, respectively. The most useful approach to
understand the geometry involved in this kind of models is perhaps the one based
on the Mathai-Quillen formalism [3]. It was shown in [4] that the topological la-
grangian appearing in Donaldson-Witten theory can be considered as the Euler
class of a certain innite-dimensional bundle over the space of Yang-Mills connec-
tions. The Euler class is obtained as the pullback of the Thom class of the bundle
by means of a section whose zero locus is precisely the moduli space of anti-self-
dual instantons of Donaldson theory [5, 6, 7]. The representative of the Thom
class that appears in Donaldson-Witten theory is precisely the one appearing in
[3]. Subsequently it was shown that the same construction holds in the case of
topological sigma models [8, 9]. A review of these developments can be found in
[10, 11]. In the same way, one can use the Mathai-Quillen formalism to construct
Topological Quantum Field Theories starting from a moduli problem formulated
in a purely geometrical setting.
However there are some twisted N = 2 supersymmetric theories which do
not have a clear formulation in the Mathai-Quillen framework, and therefore their
geometrical structure is not very well understood. One should then look for gen-
eralizations of this formalism to take into account the rich topological structures
hidden in the supersymmetry algebra. The purpose of this paper is precisely to ob-
tain an equivariant extension of the Thom class of a bundle with respect to a vector
eld action, in the Mathai-Quillen setting. This construction can be regarded as
a generalization of the equivariant extensions of the curvature considered in [12,
13, 14, 15]. Apart form its mathematical interest, it turns out that the Topologi-
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cal Quantum Field Theories constructed with this extension correspond to twisted
N = 2 supersymmetric theories with a central charge. We will consider in detail
two dierent applications of our construction. The rst one will be a topological
sigma model with a vector eld action on the target space. The resulting theory
corresponds to the twisted N = 2 supersymmetric sigma model with potentials
constructed in [16]. Our second example will be non-abelian monopoles on four
manifolds [17], where the vector eld action is now given by a U(1) symmetry
acting on the monopole elds. The topological lagrangian that one obtains in this
way can be regarded as a topological Yang-Mills theory coupled to twisted massive
hypermultiplets. This twisted model was also considered in [18], where the relation
to equivariant cohomology was pointed out.
These two examples are very interesting from the topological point of view. The
rst one gives the natural framework to consider equivariant quantum cohomology
of almost-hermitean manifolds with a vector eld action. The four-dimensional ex-
ample gives a very explicit connection between N = 2 quantum eld theories and
the strategy proposed by Pidstrigach and Tyurin [19] to prove the equivalence be-
tween Donaldson and Seiberg-Witten invariants using non-abelian monopole equa-
tions.
The organization of this paper is as follows. In section 2 we review some results
on equivariant cohomology and on the construction of equivariant extensions of the
curvature. In section 3 we present the equivariant extension of the Thom form in
the Mathai-Quillen formalism. We consider dierent geometrical situations which
roughly correspond to the Weil or Cartan representatives of the usual Mathai-
Quillen form. In section 4 we apply the previous results to topological sigma
models and non-abelian monopoles on four manifolds, from a purely geometrical
point of view. In section 5 we consider the twisting of N = 2 supersymmetry with
a central charge and we relate it to the equivariant cohomology associated to a
vector eld action. We also rederive the two models of section 4 by twisting the
N = 2 supersymmetric sigma model with potentials and theN = 2 supersymmetric
Yang-Mills theory coupled to massive matter hypermultiplets. Finally, in section
2
6 we state our nal remarks and conclusions, and some prospects for future work.
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2. Equivariant cohomology and equivariant curvature
2.1 Equivariant cohomology
In this paper we will use the Cartan model for equivariant cohomology, and
here we will review some basic denitions. For a detailed account of equivariant
cohomology, see [12, 3,10].
Let X be a vector eld acting on a manifold M . Recall that every vector eld
is associated to a locally dened one-parameter group of transformations of M ,














where  denotes as usual the dierential map between tangent spaces. A particular
case of this correspondence is a circle (U(1)) action on M with generator X.









kernel of L(X) in 
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(M). We consider now the polynomial ring generated by a
generator u of degree 2 over 


(M), denoted by 


(M)[u]. On this ring we dene
the equivariant exterior derivative as follows:
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[u] are called equivari-
ant dierential forms. An equivariant dierential form ! verifying d
X
! = 0 is said










(M)[u] because of (2.3).
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with d! = 0, we
don't get an equivariantly closed dierential form unless (X)! = 0. But it might





such that the resulting form !
0
= ! + p is equivariantly closed. The form !
0
is
called an equivariant extension of !. One of the purposes of this paper is to nd
an equivariant extension of the Thom class of a vector bundle under suitable con-
ditions, in the framework of the Mathai-Quillen formalism. As the Mathai-Quillen
form involves the curvature of the vector bundle, we need an explicit expression for
the equivariant extension of the curvature form. This has been done by Atiyah and
Bott [12] following previous results by Bott in [13, 14], and by Berline and Vergne
in [15]. Here we will review this construction for general vector bundles from the
point of view of equivariant cohomology, and we will proceed in the same way to
obtain the equivariant extension of the curvature for principal bundles [15]. Both
results will be needed in the forthcoming subsections.
2.2 Equivariant curvature for vector bundles
Let  : E !M be a real vector bundle. We suppose that there is a vector eld
X acting on M , and also an \action" of this eld on E compatible with the action
on M . With this we mean [12, 14] that there is a dierential operator  acting on
the space of sections of E,  (E):
 :  (E)!  (E); (2:4)
that satises the derivation property
(fs) = (Xf)s + fs; f 2 C
1
(M); s 2  (E): (2:5)
We will be particularly interested in the case in which there is a vector eld X
E







be the one-parameter ows corresponding to X
E
, X,








, i.e, the one-parameter ows intertwine with the projection map
of the bundle.






between bres is a vector space homomorphism.
Notice that, if X
E
, X are associated to circle actions on E, M , the above
conditions simply state that E is a G-bundle over the G-space M , with G = U(1).
An obvious consequence of (i) is that X
E






When there is a vector eld X
E



















(m)) is in fact a section
of E, and using (ii) one can check that the derivation property (2.5) holds. We






(m)) = s(m), for all t 2 I,









Consider now a connection D on the real vector bundle E of rank q. We say
that D is equivariant if it conmutes with the operator . Let's write this condition




on an open set U  M . We dene the

























is the usual connection matrix. Under a change of frame s
0
= sg,
where g 2 Gl(q;R), we can use the derivation property of  to obtain the matrix
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The next step to construct the equivariant curvature is to dene an operator L

:
 (E)!  (E) given by
L

s = s  (X)Ds; s 2  (E): (2:12)













Using (2.10) and the usual transformation rule for the connection matrix it is easy





is a tensorial matrix of the adjoint type: under a change of









We will compute now the covariant derivative of the matrix L










=d + [;]  (L(X)   (X)d)   [; (X)]
=(X)(d +  ^ ) = (X)K;
(2:14)
where K is the curvature matrix.
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We can introduce now the equivariant curvature K
X




= K + uL

: (2:15)
This is not an equivariant dierential form, not even a global dierential form on
M . To achieve this we have to introduce a symmetric invariant polynomial with r
matrix entries, P (A
1
;    ; A
r































;    ; L

;K;    ;K):
Notice that, as L

is a tensorial matrix of the adjoint type, P
X
is a globally dened
dierential form in 


[u]. Using (2.14) and the properties of symmetric invariant








and from this it follows that P
X
is an equivariantly closed dierential form on M .
2.3 Equivariant curvature for principal bundles
Let  : P !M be a principal bundle with group G. We suppose that we have
two vector elds X
P
, X acting on P and M , respectively. We will require that the















p)g; p 2 P; g 2 G: (2:18)
In this case, if 
t







, andX and X
P
are -related. The vector eldX
P














Let  be a connection one-form on P , and consider the function with values in the




). Using (2.19) and the properties
of the connection it is immediate to see that (X
P























Suppose now that the connection one-form veries:
L(X
P
) = 0: (2:21)
This is the analog of having an equivariant connection for a vector bundle. When
(2.21) holds we can construct an equivariant curvature for the principal bundle in
a natural way. First, notice that the covariant derivative of (X
P










= K   u(X
P
): (2:23)

































. Recall that when a form
! on P descends to a form ! on M , and the vector elds X
P
on P and X on M





























































equivariantly closed on P , then P
X
P
is equivariantly closed on M . We have there-
fore obtained an appropriate equivariant extension of the curvature of a principal
bundle.
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3. Equivariant extensions of the Thom
form in the Mathai-Quillen formalism
We begin this section with a quick review of the Mathai-Quillen formalism.
Most of the details will appear in the explicit constructions of the equivariant
extensions of the Thom form for a vector eld action, so we just recall some results.
A more complete presentation can be found in [3, 4, 10].
3.1 The Mathai-Quillen formalism
The Mathai-Quillen formalism [3] provides an explicit representative of the
Thom form of a vector bundle E. Usually this form is introduced in the following
way: consider an oriented vector bundle  : E !M with bre V = R
2m
, equipped
with an inner product g and a compatible connection D. Let P be the principal
G-bundle over M such that E is the associated vector bundle. Then we can con-
sider the G-equivariant cohomology of V in the Weil model, and we introduce the
generators K and  for the Weil complex W(g), of degree two and one, respec-
tively. As our vector bundle is oriented and has an inner product, we can reduce
the structural group to G = SO(2m). The universal Thom form U of Mathai and






























are orthonormal coordinate functions on V , and dx
i
are their correspond-
ing dierentials. This expression includes the inverse of K, and in fact it should


























) the signature of the corresponding permutation. The equivalence of the two
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representations is easily seen using Berezin integration. Of course, the expression
(3.1) is easier to deal with, and in fact we can check its properties taking K
 1
as a formal inverse of K. This is because we can consider (3.1) as an element of
the ring of fractions with det(K) in the denominator. Being det(K) closed, we
can extend the exterior derivative as an algebraic operator to this localization [3].
We will use later this principle to check the equivariantly closed character of our
extension. One can also obtain a universal Thom form in the Cartan model of
the G-equivariant cohomology, by putting the generator  to zero. This gives an
alternative representative which is useful in topological gauge theories [4, 10].
The form (3.1) can be mapped to a dierential form in 
(P  V ) using the
Weil homomorphism. This amounts to substituting the algebraic generators of the
Weil complex, K and , by the actual curvature and connection of the principal
bundle P . The resulting form descends to E and gives an explicit representative
of the Thom form of E, which will be denoted by (E). If one uses the Cartan
representative, one must enforce in addition a horizontal projection.
3.2 Equivariant extension of the Thom form: general case
One of the purposes of this paper is to nd an equivariant extension of the
Thom form for a vector eld action, in the framework of the Mathai-Quillen for-
malism. If we look at the expressions for the equivariant extension of the curvature,
(2.15) and (2.23), we see that they involve the contraction of the connection form
with a vector eld. It is clear that for the algebraic elements in the Weil algebra
this operation is not dened, and therefore we won't work with the universal Thom
form, but with the explicit Thom form as an element of 

2m
(E). This has also
the advantage of showing explicitly the geometry involved in the Mathai-Quillen
formalism, which is sometimes hidden behind the use of G-equivariant cohomology.
Recall that we dened an \action" of a vector eld on a vector bundle E as an
operator acting on the space of sections of this bundle, and therefore not necessarily
induced by an action of X
E






[u]. However, given an invariant section s of this bundle, we can construct an
equivariant extension of the pullback s

(E) on M .
In the framework of the Mathai-Quillen formalism we need an inner product
on E, g, and a compatible connection D verifying:
d(g(s; t)) = g(Ds; t) + g(s;Dt); s; t 2  (E) (3:3)
Once we take into account the action of a vector eld X onM , and the compatible
operator on sections , we need additional assumptions to construct our equiv-
ariant extensions. First of all, we assume, as in the previous subsection, that the
connection D is equivariant. We also assume that the inner product is invariant
with respect to the compatible actions:
L(X)(g(s; t)) = g(s; t) + g(s;t); s; t 2  (E) (3:4)






s; t) + g(s; L

t) = 0; s; t 2  (E) (3:5)
We suppose that our bundle E is orientable, and therefore we can reduce the











. With respect to an orthornormal frame, the connection and






Consider now a trivializing open covering of M , fU





g. Let s 2  (E) be an invariant section. Then, the fol-
lowing form is an equivariantly closed dierential form on M and is an equivariant
























































the connection and the equivariant curvature matrices (the equivariant curvature






























































are the transition functions and take values in SO(2m). To check the
invariance of (3.6) under this transformation, notice that Pf(K
X
) is an invariant
symmetric polynomial for antisymmetric matrices and therefore the results of sec-









transforms as a tensorial matrix of the
adjoint type (because it is the local expression of the covariant derivative Ds). It















therefore the expression (3.6) denes a global dierential form on M .
To prove that this dierential form is in the kernel of d
X
it is enough to do it
for the local expression in (3.6), as d
X
is a local operator. Again, by the results of
section 2, Pf(K
X
) is already equivariantly closed, and we only need to check this
property for the exponent in (3.6). The computation is lengthy but straightforward.

































































































































































































































































a formal inverse of K
X
.












extends to the ring of fractions with detK
X






































] = 0 (3:15)






, we see that (3.12)
equals zero. Therefore, (3.6) is in the kernel of d
X
, and according to (2.3) it is an
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equivariantly closed dierential form. It is clear that it is an equivariant extension
of the pullback s

(E), because if we put u = 0 we recover the pullback of the
Mathai-Quillen form.
3.3 Equivariant extension of the Thom form: vector bundle case
Now we will consider the case in which we have a vector eld X
E
acting on the
vector bundle E, and the action  is the one induced from it. In this case it makes
sense to construct an equivariant extension of the Thom form with respect to the
X
E
action. Again we will proceed locally and we will construct the extension on
trivializing open sets U

 V .
Let  : E !M be an orientable real vector bundle of rank 2m with an action
of a vector eld X
E
compatible with an action of X onM in the sense of subsection
2.2. On the bre V = R
2m
we choose an orthonormal basis fe
i
g with respect to
the standard inner product (; ) on it, and we denote by x
i
the coordinate functions
with respect to this basis. Let fU

















(m;w)) = (v;w). This also gives an orthonormal frame for each U





































. The natural way




, we use the restriction of one-parameter ow associated to X, and we
take the appropriate t-interval for this map to be well dened. On the second






. Written in a local trivialization, this homomorphism means


























denotes the projection of 
 1

on the second factor and  is an endomor-





(m; v) = (
t
(m); (t;m)v); (m; v) 2 U

 V: (3:20)
Notice that the endomorphism  veries:
(s; 
t
(m))(t;m) = (s+ t;m): (3:21)



















and this in turn implies (3.18).
The procedure is now similar to the one presented in the preceding section.










































denote respectively the connection and equivariant curvature
matrices associated to the orthonormal frame dened in (3.17). The index  label-
ing the trivialization is understood. We want to check that (3.23) denes a global















, restricted as usual to fxg  V . The behavior of the connection
and curvature matrices under the change of trivialization is given in (3.7), and the


















. Following the same
steps as in the preceding section we see that the forms !

do not change when we







































and therefore they dene a global dierential form on E. Now it is clear that, if
the !











are in the kernel of d
X
E
. This is a

























































To prove that the !

are in the kernel of d
^
X
, notice that the computation is very











. Using the denition of Lie derivative and the
action of the one-parameter group associated to
^


















The matrix appearing in this expression is not new. To see it, notice that the
matrix representation of the operator  with respect to the orthonormal frame












































































If we compare this expression to (3.9) we see that the computation of the equiv-




X simply mimicks the one we did




and the global dierential form (E)
X
they induce on E is an equivari-
antly closed dierential form because of (3.28). It clearly equivariantly extends the
Mathai-Quillen expression for the Thom form of the bundle.
Consider now an invariant section s 2  (E). Because of (2.8) and (3.27) it is




is an equivariantly closed dierential form on the base
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 V is given by
(





































in (3.23), we recover precisely
(3.6).
FInally, we will give a eld theory expression for (E)
X
using Berezin integra-
tion. Introduce Grassmann variables 
i
for the local coordinates of the bre. The
standard rules of Berezin integration [3, 10] give the following representative for











































With this expression at hand, one can also introduce the standard objects in topo-
logical eld theory, namely a gauge fermion and a BRST complex. Following [10],
we introduce an auxiliary eld 
i
with the meaning of a basis of dierential forms
dx
i
















On the original elds x
i











Q acts again as d
^
X
. The gauge fermion is the same than the gauge fermion in the


















and it is easily checked that Q	 gives, after integrating out the auxiliary eld 
i
, the
exponent in (3.36). This representative will be useful to construct the equivariant
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extension for topological sigma models. Notice that in the expression (3.36) we
can work with a non-orthonormal metric on V by introducing the corresponding
jacobian in the integration measure.
3.4 Equivariant extension of the Thom form: principal bundle case
We will consider, nally, the case in which the vector bundle E is explicitly
given as an associated vector bundle to a principal bundle  : P ! M , i.e., we
consider the action of the structural group G on PV given by (p; v)g = (pg; g
 1
v),
and we form the quotient E = P  V=G. Notice that P  V can be considered as
a principal bundle over E. We assume that we have a vector eld action on P V
whose one-parameter ow 
t
has the following structure:

t
(p; v) = (
P
t
p; (t; p)v) p 2 P; v 2 V; (3:39)
where (t; p) is an endomorphism of V . We also assume that this ow conmutes







(pg); (t; pg) = g
 1
(t; p)g: (3:40)
Because of the above condition, a vector eld action on E is induced in the natural
way, and the one-parameter ow 
P
t
gives in turn a vector eld action onM = P=G
in the way considered in subsection 2.3, with one-parameter ow 
t
. In addition,
with these assumptions, the vector eld action on E is compatible with the vector
eld action on M according to our denition in subsection 2.2. Condition (i) is
immediate, and to see that condition (ii) holds consider a trivializing open covering
for M , fU































where p 2 
 1
(m). Using (3.40) it is easy to see that (3.41) only depends on the






and X. Our last assumption is that there is an inner product (; ) on V
preserved by both the action of G and the endomorphisms (t; p). As usual, this












is antisymmetric, where the components are taken with respect to an orthonormal
basis e
i
of V . If we regard P  V as a principal bundle, the second condition in
(3.40) imply that  is a tensorial matrix of the adjoint type.
We will be particularly interested in the case in which (t; p) doesn't depend
on p. In this case we have that  is a constant matrix conmuting with all the
g 2 G (and then with all the elements in the Lie algebra g). This happens, for











0 1 : : :










: : : 0 1











This is in fact the situation we will nd in the application of our formalism to
non-abelian monopoles on four-manifolds.
Let  and K be respectively the connection and curvature of P . Assume now,
as in subsection 2.3, that L(X
P
) = 0, and that  is a constant matrix conmuting
with all the A 2 g. Then D = 0. We want to construct an equivariantly closed









is associated to the ow (t). First of all we dene an equivariant
curvature on P  V :
K
X





) is a tensorial matrix of the adjoint type, and if P (A
1
;    ; A
r
)
is an invariant symmetric polynomial for the adjoint action of g, then we can go
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through the arguments of subsection 2.3 to show that P (K
X
;    ;K
X
) denes an
equivariantly closed dierential form on PV . The construction of the equivariant
extension of the Thom class is very similar to the ones we have done before, but
now we dene a form on P  V and we will show that it descends to E. Consider
then the following element in 


(P  V )[u]:






























are, as before, orthonormal coordinates on the bre V . First we will
check that the above form descends to E. For this we must check that it is right



























To check the horizontal character, notice that K
X
is horizontal (for K is and
   (X
P







in [3]. Notice that we are considering P  V as a principal bundle over E, and
therefore a fundamental vector eld A

(corresponding to A 2 g) is induced by the
G-action on both factors. Using the properties of the connection one-form and the
























(P  V ). First, we dene a connection on P  V by pulling-back the
connection on P . The horizontal subspace at (p; v) is given by H
p
 V , where H
p
is the horizontal subspace of T
p
P . If we denote by h the horizontal projection of
a form  on P  V that descends to E, we have:









As  vanishes on horizontal vectors, we can put it to zero after computing the
exterior derivative of (3.45). Also notice that the covariant derivative dened by
23
the pullback connection on P  V acts as the covariant derivative of P on the
dierential forms in 







Now we can compute d
^
X
(P  V ) in a simple way. Again we only need to




































































































therefore, using the same arguments leading to (3.15), we see that (3.49) is zero. If






, and therefore, using (2.25) we see that the form induced by (3.45) on
E is equivariantly closed with respect to X
E
.
The above computation also shows the possibility of introducing a Cartan-like




(P  V )[u] given by





















Clearly it is still invariant under the action of G, but the horizontal character fails.
However we can consider the horizontal projection of this form, (PV )
C
h, where
the horizontal subspace is dened as before by the pullback connection. This form












The interesting thing about (3.50) is that when one enforces the horizontal pro-
jection as in [4], one obtains the adequate formalism to topological gauge theories.
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We will then follow this procedure to obtain a representative which will be useful
later.
We suppose now that we have a metric g on P which is G-invariant. We use
this metric to dene the connection on P , by declaring the horizontal subspace to
be the orthogonal complement of the vertical one. More explicitly, one starts from

























P; A 2 g:
If we denote by C
y
p
the adjoint of C
p
(which is dened by the metric on P together
with the Killing form on g), and let R = C
y





With the assumptions we have made concerning P , the condition L(X
P
) = 0 is
equivalent to the metric being invariant under the vector eld action. Now we will
write (3.50) as a fermionic integral over Grassmann variables:




























As we want to make a horizontal projection of this form, we can write K = d =
R
 1







)) + u: (3:55)
If we introduce Lie algebra variables ,  and use the Fourier inversion formula of
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[4], we get the expression:




























+ ihd   u(X
P




where h; i denotes the Killing form of g, and d = dim G. Notice that in this
expression the integration over  gives a -function constraining  to beK (X
P
),
which is precisely (2.23), the equivariant curvature of the principal bundle P . To
enforce the horizontal projection, we multiply by the normalized invariant volume
form Dg along the G-orbits, and we can write [4, 10]:
(detR)Dg =
Z
D expih; i; (3:57)
where  is a fermionic Lie algebra variable. Putting everything together we obtain
a representative for the horizontal projection:




























+ ihd   u(X
P




where integration over the bre is understood.
We will introduce now a BRST complex in a geometrical way. As in the
preceding section, we introduce auxiliary elds 
i
with the meaning of a basis




operator, but we must take into account that we have in (P  V )
C
h is the
horizontal projection of dx
i
, given in (3.51). Acting with the equivariant exterior



















Remembering that  is equivalent to the equivariant curvature of P , the BRST
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= ih; i: (3:61)
On the Lie algebra elements the BRST operator acts as:
Q = ; Q =  [; ]: (3:62)
In order to obtain (3.58) from (3.61) using the BRST complex, we must also
take into account the horizontal projection of forms on P , like in (3.59), and the
equivariant exterior derivative is then given as
d   (C)  u(X
P
): (3:63)
Notice that  is an element of the Lie algebra g, and therefore C is a fundamental
vector eld on P . Using (3.62) and (3.63) as BRST operators acting on the gauge
fermions (3.61), the topological lagrangian (3.58) corresponding to an equivariant
extension of the Thom form is recovered. The BRST complex we have introduced
looks like a G X
P
equivariant cohomology, but one shouldn't take this analogy
too seriously. If one formulates this equivariant cohomology in the Weil model, the
relation (X
P
) = 0 should be introduced. Clearly, this is not true geometrically
unless X
P
is horizontal. In fact, this term appears in the equivariant curvature
of the principal bundle, and therefore in the expression for  once the -function
constraint has been taken into account.
The last point we would like to consider is the pullback of the equivariant
extension we have obtained for this case. As (3.45) descends to a equivariantly
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closed dierential form on E, we can pull it back through an invariant section
s^ : M ! E as we did in subsection 3.3. But recall that every section of E is
associated to a G-equivariant map
s : P ! V; s(pg) = g
 1
s(p): (3:64)





Consider now the map ~s : P ! P V given by ~s(p) = (p; s(p)). From the above it
follows that ~s

(P V ) is a closed equivariant dierential form on P with respect
to X
P
, and in fact it descends to M , producing the same form we would get had






























This diagram should be kept in mind in topological gauge theories, where the
topological lagrangian is usually a basic form on P descending to M . When con-
sidering the equivariant extension of the Mathai-Quillen form we will have the




4.1 Topological sigma models
Applying the previous formalism to the topological sigma model [2] we will
obtain the model of [16], which was constructed by twisting an N = 2 supersym-
metric sigma model with potentials [20]. The Mathai-Quillen formalism for usual
sigma models can be found in [8, 9, 10].
Let M be an almost hermitean manifold on which a vector eld X acts pre-
serving the almost complex structure J and the hermitean metric G:
L(X)J = L(X)G = 0: (4:1)
We have then a one-parameter ow 
t
associated to X which is almost complex






Let  be a Riemann surface with a complex structure  and metric h inducing .
In the topological sigma model, formulated in the framework of the Mathai-Quillen
formalism, one takes as the base manifold M the space of maps
M = Map(;M) = ff : !M;f 2 C
1
(;M)g: (4:3)

















where + denotes the self-duality constraint for the elements  2 V
f
:
J = : (4:5)
There is a natural way to dene a vector eld action on M induced by the action
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 veries the self-duality constraint (4.5) when
 does, due to (4.2). It is also clear that the compatibility conditions of subsection

























Now we will dene metrics onM and V. Let Y , Z vector elds onM. We can
formally dene a local basis on TM from a local basis on M , given by functional
derivatives with respect to the coordinates: =f

() [9]. A vector eld onM will



























In a similar way, if ,  2 V
f



























As X is a Killing vector for the hermitean metric G, both (4.9) and (4.10) verify
(3.4). Now we will dene a connection on V compatible with (4.10). In analogy
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(), which is dual to =f
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Let s be a section of V, with local coordinates s


. We will dene the connection



































































is the Riemannian connection canonically associated to the hermitean
metric G on M . Notice that, if M is Kahler, then D
G
J = 0 and the covariant
derivative reduces to the usual form. It is easy to see that (4.12) is compatible
both with the self-duality constraint and with the metric (4.10).
To dene the usual topological sigma model we also need a section of V. This
section is essentially the Gromov equation for pseudoholomorphic maps  ! M ,






Using (4.5) it is easy to show that s is invariant under the vector eld action onM.
The last ingredient we need to construct the equivariant extension of the Thom
form is to check the equivariance of the connection (4.12). As the action of the
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vector eld X on M is induced by the corresponding action on M , it is sucient
to prove the equivariance of the connection (4.14) (equivalently, if we check the
equivariance in local coordinates for M, V, we are reduced to a computation
involving the local coordinate expressions of X and D on M). If X is a Killing




L(X). Using now (4.1) it is
clear that L(X) conmutes with D, hence D is equivariant and also the connection
on V dened in (4.12).
Therefore , we are in the conditions of subsection 3.3, and we can construct
the equivariant extension of the Thom form introduced there. To do this we must
rst of all compute the operator L

=    (X) in local coordinates. As before,
the computation reduces to a local coordinate computation on the target manifold
M . Fist we will obtain  through the equation (3.33). Take as local coordinates









































are local coordinates on M and we explicitly wrote the jacobian matrix
associated to 
t
. The limit above is easily computed once we take into account
that the one-parameter ow in local coordinates (u

)(t; u) = g
















(g(t; u)) is the local coordinate expression of the vector eld X associated












Taking into account that the indices for local coordinates on V
f














Next we compute (X). Again, by (4.12), we can compute it for the connection
























To obtain the additional term in the topological action (3.36) corresponding to the
operator L

, we must act on coordinate elds for the bre which are self-dual and
verify (4.5). Using this constraint it is easy to see that (4.21) is equivalent to (X).

































is the Levi-Civita covariant derivative on M , and we have used the
Grassmannian character of the elds . This is precisely the extra term obtained
in [16] after the twisting of the N = 2 supersymmetric sigma model with potentials.
In the topological action of [16] there are also two additional terms that in
the topological model come from a Q-exact fermion and have a counterpart in the
non-twisted action. Remarkably, these two terms can be interpreted as the d
X
-
exact equivariant dierential form that is added to prove localization in equivariant
integration [15, 11]. We will present the general setting and then apply it to the
equivariant extension of the topological sigma model. As we will see, the same
construction holds for non-abelian monopoles on four-manifolds. Notice that, this
additional term being d
X
-exact, we can multiply it by an arbitrary parameter t
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without changing the equivariant cohomology class. This can be exploited to give
saddle-point-like proof of localization of equivariant integrals on the critical points
of the vector eld action (or, equivalently, on the xed points of the associated one-
parameter action). Suppose then that on the base manifold M there is a metric
G and that the vector eld X acts as a Killing vector eld with respect to G.
Consider the dierential form given by
!
X
(Y ) = G(X;Y ); (4:23)
Y a vector eld on M . As X is Killing, we have L(X)!
X
= 0, and acting with d
X








The appearance of the norm of the vector eldX in (4.24) is what gives localization
on the critical points of the vector eld. In the topological sigma model there is
a metric on M given in (4.9) which is Killing with respect to the action of X on
M, and therefore we can add the exact form (4.24) to our equivariantly extended






















































. With (4.22) and (4.26) we recover all the terms of the
sigma model of [16] beside the usual ones. The BRST complex for the equivariant
extension of the topological sigma model follows from our indications in subsection
3.3, and coincides with the one in [16] after a redenition of the auxiliary elds, as
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we will see in sect. 5. As a last remark, notice that the observables of this topo-
logical eld theory are naturally associated to the equivariant cohomology classes
on M with respect to the action of X. The equivariant extension of the topo-
logical sigma model is thus the natural framework to study quantum equivariant
cohomology.
4.2 Non-abelian monopoles on four-manifolds
Non-abelian monopole equations on four-manifolds were introduced in [17], in
the framework of the Mathai-Quillen formalism, as a generalization of Donaldson-
Witten theory [6, 5, 7, 1] and of the Seiberg-Witten abelian monopole equations
[21, 22]. Other studies of these equations can be found in [23-26, 18]. From the
physical point of view, these models can be understood as twisted N = 2 Yang-
Mills theories coupled to massless matter hypermultiplets [27, 28, 29, 25], and this
fact in turn allows a computation of the associated topological invariants using non-
perturbative results for supersymmetric gauge theories [30, 22, 31]. We will exploit
the fact that the model has a U(1) symmetry [19, 25, 18] to obtain an equivariant
extension of the Thom form in this case. We will obtain a theory which corresponds
to a twisted N = 2 Yang-Mills theory coupled to massive matter multiplets. The
connection between the U(1) equivariant cohomology and the massive theory was
pointed out in [18].
Non-abelian monopoles on four-manifolds are described by a topological gauge
theory, and then we will follow the general procedure in subsection 3.4 above. The
geometrical data of the theory are as follows [17]. Let X be an oriented, compact
four-manifold endowed with a Riemannian structure given by a metric g. We
will restrict ourselves to spin manifolds, although the generalization to arbitrary
manifolds can be done using a Spin
c
structure . We will denote the positive and




, respectively. We also consider
on X a principal bre bundle P with some compact, connected, simple Lie group
G. The Lie algebra of G will be denoted by g. For the matter part we need an
associated vector bundle E to the principal bundle P by means of a representation
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R of the Lie group G. Now, for the principal bundle of the moduli problem (not
to be confounded with P ), we consider P = A   (X;S
+

 E), where A is the
moduli space of G-connections on E, and  (X;S
+





 E. As the group G acting on this principal bundle we take the
group of gauge transformations of the bundle E, whose action on the moduli space






















where M 2  (X;S
+

E) and g takes values in the group G in the representation
R. Notice that, as usual in gauge theories, we suppose that the gauge group acts














) denotes the self-dual dierential
forms on X taking values in the representation of the Lie algebra of G associated
to R, g
E
. The group of gauge transformations acts on F in the obvious way.





). The tangent space to the


















 E), for  (X;S
+

 E) is a vector space. We can dene a



























g. The spinor notation follows that in [17]. An analogous expression
gives the inner product on the bre F . The Lie algebra of the gauge group of
transformations Lie(G) is also endowed with a metric given, as in (4.28), by the
trace and the inner product on the space of zero-forms. For simplicity we will take
G = SU(N) and the monopole elds M

in the fundamental representation of this
group.







































). It is clear
that these actions conmute with the action of the group of gauge transformations
on both P and F . Furthermore, the metrics on these spaces are preserved by the
























































We are in the conditions of subsection 3.3, and therefore we can construct the
equivariant extension of the Thom form of the associated vector bundle E = P 
F=G. First we compute the  matrix on the bre according to (3.42). In local
coordinates we get:







Notice that, if we split M
j
_
in its real and imaginary parts,  is given by the
matrix (3.43). From (4.29) and (2.1) we can also obtain the local expression of the


















The additional terms we get in the topological lagrangian (3.58) after the equiv-




). The explicit expression of  was obtained in [17]. For G = SU(N) and the













































where ( ; ) 2 T
(A;M)



















The additional terms in the topological lagrangian due to the equivariant extension



















where we have deleted the SU(N) indices, and v
_
is the auxiliary eld associated to
the monopole coordinate on the bre [17]. The BRST cohomology of the resulting
model was also indicated in subsection 3.4. Not all the terms coming from the
twisting of the massive multiplet appear, but we can add a d
X
P
-exact piece to the
action starting with a dierential form like the one in (4.23). Now we must take
into account that we can only add to the topological lagrangian basic forms on P









; Y ); (4:37)




under the action of the gauge group to
see that the above form is in fact invariant. But the horizontal character of (4.37)
is only guaranteed if X
P
is horizontal. This is in fact not true in our case, as
it follows from (4.35). Therefore we must enforce a horizontal projection of !
X
P




























which also descends to P=G. In computing the above equivariant exterior derivative
we must be careful, as in (3.59). This can be easily done using the BRST complex
that we motivated geometrically in (3.60) and (3.63). Of course, from (4.28) and
(4.33) we can give an explicit expression of (4.37). Introducing a basis of dierential





















































As we will see, with (4.36) and (4.40) we reconstruct all the terms appearing in
the twisted theory with a massive hypermultiplet.
The observables in Donaldson-Witten theory and in the non-abelian monopole
theory are dierential forms on the corresponding moduli spaces, and they are
constructed from the horizontal projections of dierential forms on the principal
bundle associated to the problem. They involve the curvature form of this bundle.
In the equivariant extension of the monopole theory these observables have the
same form, but one must use instead the equivariant curvature of the bundle,
given in (2.23). From the point of view of the BRST complex they have the usual

















 ^  

; (4:41)
where F is the Yang-Mills eld strength,  represent a basis of dierential forms
on A, and  is the Lie algebra variable introduced in (3.56). As we have pointed
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out, the -function involved in (3.58) constrains  to be the equivariant curvature
of the bundle P, K
X
P
. To check that the forms in (4.41) are closed one must
be careful with the horizontal projection involved in the computation. Although
the vector eld X
P
doesn't act on A, the contraction (X
P
) is not zero, as  
must be horizontally projected and the eld X
P









). Of course, using the BRST complex this verication is automatic,
but one should not forget the geometry hidden inside it.
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5. Twisting N = 2 supersymmetric
theories with a central charge
The aim of this section is to show that the topological quantum eld theories
obtained in the previous section can be obtained after twisting N = 2 supersym-
metric theories having as a common feature the presence of a non-trivial central
charge. There are several reasons to believe that topological quantum eld theo-
ries resulting from the equivariant extension of the Mathai-Quillen formalism are
intimately related to twisted N = 2 supersymmetric theories with a non-trivial
central charge. First, as we will discuss below, twisted N = 2 supersymmetric
theories with a non-trivial central charge have the same right to lead to topolog-
ical quantum eld theories as the ones with a trivial central charge. Second, the
presence of a non-trivial central charge can be regarded as the existence of a global
U(1) symmetry with a structure very much alike the gauge structure appearing in
twisted N = 2 supersymmetric Yang-Mills theory or Donaldson-Witten theory, in
clear analogy with the structure uncovered in the previous sections.
In this section we will rst develop these general features and then we will
describe in two subsections how they are realized in two and four dimensions after
considering topological sigma models with potentials and N = 2 supersymmet-
ric Yang-Mills theory coupled to massive N = 2 supersymmetric matter elds.
We will conclude that indeed the resulting topological quantum eld theories are
the ones constructed in the equivariant extension of the Mathai-Quillen formal-
ism of the previous section. As already indicated in that section, the resulting
two-dimensional eld theory was rst constructed in [16] from the perspective of
building a generalization of topological sigma models. The four-dimensional topo-
logical quantum eld theory was rst presented in [18]. In the present work we will
emphasize the role played by the non-trivial central charge in the construction of
this theory from the point of view of twisting N = 2 supersymmetry.
Let us begin reviewing the standard arguments which indicate that topologi-
cal quantum eld theories can be obtained after twisting N = 2 supersymmetric
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theories. We will concentrate rst in d = 4. In R
4
the global symmetry group





























of N = 2 supersymmetry
transform under H as (1=2; 0; 1=2)
1
and (0; 1=2; 1=2)
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are SU(2) invariant tensors, and Z is the central charge
































. The twisting is achieved replacing any


















rotation invariant operator is Q = Q


and satises the twisted version of












In a theory with trivial central charge the right hand side of the last of these
relations eectively vanishes and one has the ordinary situation in which Q
2
= 0.
The rst of these relations is at the heart of the standard argument to conclude
that the resulting twisted theory will be topological. Being the momentum tensor
Q-exact it is likely that the whole energy-momentum tensor is Q-exact. This would
imply that the vacuum expectation values of Q-invariant operators which do not
involve the metric are metric independent, i.e., that the theory is topological. To
our knowledge, all the twisted N = 2 theories which have been studied satisfy
this property. The important point to remark here is that in the presence of a
non-trivial central charge the rst relation in (5.2) holds and therefore one has the
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same expectations to obtain a topological quantum eld theory as in the ordinary
case.
The central charge generator enters in the second relation in (5:2). We are
familiar with the presence of similar relations in Donaldson-Witten theory. In-
deed, as it is well known, the supersymmetric theories involving Yang-Mills elds
close the supersymmetric algebra up to a gauge transformation. This implies that
in a twisted theory one does not have that Q
2
vanishes but that it is a gauge
transformation. This is the case of Donaldson-Witten theory in which the gauge
parameter on the right hand side of the equation for Q
2
is one of the scalar elds
of the theory, and one is then instructed to consider gauge invariant operators
which are Q-invariant as the observables of the theory. In that situation, since
gauge invariant operators which are Q-exact lead to vanishing vacuum expectation
values one has to deal with the corresponding equivariant cohomology. In this
framework one can regard the second relation in (5.2) as a situation similar to the
case of Donaldson-Witten theory where the gauge symmetry is a global U(1) sym-
metry. In addition, this analogy implies that the correct mathematical framework
to formulate these theories must involve an equivariant extension.
The realization of topological quantum eld theories coming from twisted N =
2 supersymmetric theories with a non-trivial central charge is very interesting.
Recall that in the four-dimensional case non-trivial central charges appear when
there are massive particles. This means that the resulting topological quantum eld
theory is likely to possess a non-trivial parameter. In other words, it is likely that
the vacuum expectation values of its observables, i.e., the topological invariants,
are functions of this parameter. This is a very surprising feature, specially if
one thinks that the origin of that parameter is a mass, but, at the same time,
very appealing. Recall that in ordinary Donaldson-Witten theory as well as in its
extensions involving twisted massless matter elds the action of the theory turns
out to be Q-exact and therefore no dependence on the gauge coupling constant
appears in the vacuum expectation values. As it will be clear below, in the presence
of a non-trivial central charge the action can again be written in a Q-exact form
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and therefore there is no dependence on the gauge coupling constant. However,
one can not argue so simply independence of the parameter originated from the
mass or central charge of the physical theory. In this case the parameter not only
enters in the Q-exact action but also in the Q-transformations. Notice that vacuum
expectation values in these topological theories should be interpreted as integrals of
equivariant extensions of dierential forms. From the equivariant cohomology point
of view, the parameter of the central charge is the generator of the cohomology
ring, which we have denoted by u, and the integration of an equivariant extension
of a dierential form can give additional contributions because of the new terms
needed in the extension. These contributions have the form of a polynomial in u.
Therefore, we should expect a dependence of the vacuum expectation values of the
twisted theory with respect to this parameter. A dierent situation arises when one
considers the addition of equivariantly exact forms like (4.24) or (4.38) multiplied
by another parameter t. If some requirements of compactness are fullled, the
topological invariants don't depend on this Q-exact piece, and we can compute
them for dierent values of t. This is precisely the usual way to prove localization
of equivariant integrals. It is likely that a rigorous application of this method















are left and right moving chiral symmetries. There are four supercharges Q
a























is an antisymmetric SO(2) invariant tensor, and Z is the central charge
generator. The twist consists of considering as the rotation group the diagonal
































, the supercharges transform as (0; 1) ( 1; 1) (0; 1) (1; 1).
The twisting is achieved thinking of the second index of Q
a
as an SO(2) isospin
index and, as in the four dimensional case, replacing any isospin index a by a




. One of the two rotation invariant operators
is Q = Q


. It satises the twisted version of the N = 2 supersymmetric algebra










is the symmetric part of Q










)=2 in order to carry out the twisting.
This would have led to the second type of twisting discussed in [35,36,37]. However,
as shown in [36], the twisting of N = 2 supersymmetric chiral multiplets and
twisted chiral multiplets is interchanged by the two types of twisting. Thus without
loss of generality we can restrict ourselves to one type of twist since, as it becomes
clear below, we will discuss the aspects of the twist of the two types of N = 2
supersymmetric multiplets.
In the two-dimensional case the central charge generator of N = 2 supersym-
metry acts as a Lie derivative with respect to a Killing vector eld. This feature
holds in the twisted theory for the right hand side of the expression for Q
2
. This
implies, on the one hand, that the theory exists for a restricted set of target man-
ifolds as compared to the ordinary topological sigma models. On the other hand,
the theory is very interesting because, as in the case in four dimensions, one nds
topological invariants which are sensitive to the kind of Killing vector chosen, and
one might discover new ways to compute topological invariants.
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5.1 Topological sigma models with potentials
We begin recalling a few standard facts on non-linear sigma models in two
dimensions. Non-linear sigma models involve mappings from a two-dimensional
Riemann surface  to an n-dimensional target manifold M . The local coordinates
of this mapping can be regarded as bosonic two-dimensional elds which might be
part of dierent types of supersymmetric multiplets. In N = 2 supersymmetry
there are two types of multiplets, chiral multiplets and twisted chiral multiplets.
The possible geometries of the target manifold M are severely restricted by the
dierent choices of multiplets taking part of a given model. In models involving
only chiral multiplets N = 2 supersymmetry requires that M is a Kahler manifold
[32,33]. In the situations where both multiplets are allowed, M can be a hermitean
locally product space [34]. Twistings of models involving both types of multiplets
have been considered in [2,38,36,37].
We will concentrate in the case in which there are only chiral multiplets.
Twisted chiral multiplets lead to topological quantum eld theories which are not
well suited to be reformulated in the Mathai-Quillen formalism. The case of chiral
multiplets was the one considered by E. Witten when topological sigma models
were formulated for the rst time [2]. As shown in [2] it turns out that after the
twisting the constraint present in the N = 2 supersymmetric theory which imposes
M to be Kahler can be relaxed and it turns out that the twisted model exists for
target manifolds which are almost hermitean. This fact is not surprising since
in the topological theory one demands only the existence of one half of a super-
symmetry out of the two supersymmetries which are present before the twisting.
However, the twisting of the most general N = 2 supersymmetric theory involv-
ing only chiral multiplets was not considered in [2]. As shown in [20] potential
terms can be introduced for N = 2 supersymmetric sigma models. It was shown
in [36] that the potential terms which appear through F -terms are not allowed
because they are inconsistent with Lorentz invariance after the twisting. However,
the other types of potential terms contained in the formulation presented in [20]
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are permitted. These potential terms only exist for manifolds which admit at least
one holomorphic Killing vector eld. The twisting of these models leads to the
topological quantum eld theory constructed in the previous section.
Twisted N = 2 supersymmetric sigma models with potential terms associated
to holomorphic Killing vectors have been considered in [16]. As in the ordinary
case, the Kahler condition onM can be relaxed and the topological model exist for
any almost hermitean manifold admitting at least one holomorphic Killing vector.
Although most of what comes out in our analysis is already in [16], we will describe
the construction in some detail to point out the close parallelism with the situation
in four dimensions.
Let M be a 2d-dimensional Kahler manifold endowed with a hermitian metric








is the covariant derivative with the Riemann connection canonically associated
to the hermitian metric G on M . The action which results after performing the
twist of the N = 2 supersymmetric action given in [20] (with the functions h and
G
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where h is the metric on the Riemann surface . In the action (5.5), x
i
, i =






















, in (4.5). The elds 





. In (5.5) D

is the pullback covariant





= 0) and X

is a holomorphic
Killing vector eld on M which besides preserving the hermitean metric G on M
it also preserves the complex structure J . These two features are contained in the
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Notice that we are considering the model presented in [20] with only one holomor-
phic Killing vector. This is the situation which leads to the topological quantum
eld theory constructed in the previous section.
An important remark in the twisting of the topological sigma model leading
to the action (5.5) is the following. N = 2 supersymmetric sigma models exist
for at two-dimensional manifolds. Their formulation on curved manifolds implies
the introduction of N = 2 supergravity. The twisting is indeed done on a at
two-dimensional manifold. Once the at action is obtained one keeps only one
half of the two initial supersymmetries and studies if the model exist for curved
manifolds. It turns out that it exists endowed with that part of the supersymmetry,
a symmetry, Q, which is odd and scalar and often called topological symmetry,
and that the resulting action is (5.5). This procedure is standard in any twisting
process. One might nd, however, that in order to have invariance under the
topological symmetry, Q, it is necessary to add extra terms involving the curvature
to the covariantized twisted action. As we will discuss in the next subsection this
will be the case when considering non-abelian monopoles.
The Q-transformations of the elds are easily derived from the N = 2 super-






































where  is the complex structure induced by h on . As it is the case for the N = 2
supersymmetric transformations in [20], this symmetry is realized on-shell. After
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From these relations one can read o the action of the central-charge generator in
(5.4): Z acts as a Lie derivative with respect to the vector eld X

. This is exactly
the action found for Q
2
in the previous section (see eq. (4.18)). In addition, it is
straightforward to verify that the rst two transformations in (5.7) are the same as
the ones generated by d
^
X




in (5.7) to the one in (3.37) we need rst to introduce auxiliary elds to
reformulate the twisted theory o-shell. As shown in [2,36], this is easily achieved
twisting the o-shell version of the N = 2 supersymmetric theory. In the twisted
theory these auxiliary elds, which will be denoted as H


, can be understood as a
basis on the bre V
f
. Coming from an o-shell untwisted theory, they enter in the


















































































where one has to take into account the Q-transformation of the auxiliary eld H
















































































The auxiliary eld H


entering (5.10) and (5.11) is not the same as the one in
49
(3.37) and (3.38). Notice that in the action resulting after computing Q	 in (3.38)
the auxiliary eld does not enter only quadratically in the action. A linear term




the transformations (5.11) and (3.37), as well as the gauge fermion in (5.10) and

































































































This action diers from the one that follows after acting with Q on the gauge







are precisely the terms obtained in (4.26) in the previous section. Thus the twisted
theory corresponds to the one obtained from the equivariant extension of the
Mathai-Quillen formalism once the localization term (4.26) is added. Notice that
from the point of view of the equivariant extension of the Mathai-Quillen formalism
this additional term can be introduced with an arbitrary multiplicative constant
t. Since the dependence on the parameter u of section 2 can be reabsorbed in the
vector eld X, one has a one-parameter family of actions for a xed Killing vector
X. Since this parameter enters only in a Q-exact term one expects that no depen-
dence on it appears in vacuum expectation values, at least if some requirements
on compactness are fullled. This opens new ways to compute topological invari-
ants by considering dierent limits of this parameter, and the resulting approach
corresponds mathematically to localization of integrals of equivariant forms. The
simplest case, the homotopically trivial maps from the Riemann surface  to the
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target space M , was explicitly considered in [16], and some classical localization
results like the Poincare-Hopf theorem were rederived in this framework.
As discussed in the previous section, this topological theory, as the non-
extended one, can be generalized to the case of an almost-hermitean manifold.
We will no describe here this generalization. The existence of this generalization
was rst discussed in [16] and, as shown in sect. 4.2, it can also be formulated
from an equivariant extension of the Mathai-Quillen formalism.
5.2 Non-abelian monopoles
We will begin recalling the structure of N = 2 supersymmetric Yang-Mills
coupled to massive N = 2 supersymmetric matter elds. The pure Yang-Mills
part is built out of an N = 2 vector multiplet which contains a vector eld A

,
a right-handed spinor 
i





and a complex scalar B. The
twisting of this part of the model leads to Donaldson-Witten theory [1]. N =
2 supersymmetric matter elds are introduced with the help of hypermultiplets.
A hypermultiplet contains two complex bosonic elds q
i
which transform as an
SU(2)
I













, all transforming as a scalar under SU(2)
I
. The twisting of
hypermultiplets coupled to N = 2 supersymmetric Yang-Mills has been considered
































































where the eld 

is symmetric in  and  and therefore it can be regarded as
the components of a self-dual two form.
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In order to present the form of the action after the twisting we need to recall
the geometrical data introduced at the beginning of subsection 4.2. We will be
considering a gauge group G and a principal bre bundle P on an oriented, closed,
spin four-manifold X endowed with a Riemannian structure given by a metric g

.
Then, the eld A represents a G-connection with associated eld strength F

.
For the matter part let us consider an associated vector bundle E to the principal
bundle P by means of a representation R of the group G. All the matter elds can













































































































































































































wherem is a mass parameter. Notice the presence of a term involving the curvature
of the four-manifold X. This term must enter the action in order to preserve
invariance under the topological symmetry Q on curved manifolds. Notice also
that the matter elds with bars carry a representation R conjugate to R, the one








































































These transformations close on-shell up to a gauge transformation whose gauge
parameter is the scalar eld  and up to a central charge transformation of the
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Notice that for the last transformation in the rst set and for the last two in the
second set we have made use of the eld equations. The central charge acts trivially
on the pure Yang-Mills elds or Donaldson-Witten elds but non-trivially on the
matter elds. As it will become clear in the forthcoming discussion this symmetry
is precisely the U(1) symmetry entering the equivariant extension carried out in











. In fact, the mass terms in (5.16) are precisely (4.36)
and (4.40). The terms coming from the d
X
P
-exact term can have an arbitrary




This parameter must be t =  im=4 in order to recover the twisted theory (notice
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that the exponential of (3.58) has to be compared to minus the action of the twisted
theory).
Our next goal is, as in the case of topological sigma models, to construct
an o-shell version of the twisted model. There are two possible ways to build
an o-shell version. One could consist of considering o-shell versions of N = 2
supersymmetry. This have been analyzed in [39,27,28] showing that it does not
lead to a formulation whose action is Q-exact. As shown for rst time in [39] one
needs to introduce an auxiliary eld dierent than the one originated from the
o-shell supersymmetric theory in order to have an o-shell formulation with a
Q-exact action. This is precisely the same conclusion that is achieved considering
a second way to construct an o-shelf formulation. In this alternative approach
the steps to be followed are the same ones as in the case of the topological sigma
























closes without making use of the eld equations.

















































































































The non-trivial check now is to verify that Q
2
on the auxiliary elds closes properly.
































It is important to remark that these relations imply that Q closes o-shell. Our
next task is to show that S
1
is equivalent to a Q-exact action.


































































































































The auxiliary eld entering (5.22) is not the same as the one entering (3.60).








in (5.22) appear only quadratically in
the action, contrary to the way they appear in the Mathai-Quillen formalism. The
relation between these two sets of elds can be easily read comparing (3.61) and

































































































































































The action (5.25) diers from the one that follows after acting with Q on the















). The absence of a term like the rst of these two in
the Mathai-Quillen formalism is a well known fact. It is believed that its presence
does not play any important role towards the computation of topological invariants.
Respect to the second term, it turns out that it has the same origin as the extra
term appearing in the case of topological sigma models with potentials. This term
is precisely the localization term discussed in (4.40) and from a geometrical point
of view it has the same origin as (4.26). Again, this term can be introduced with
an arbitrary constant providing a model in which an additional parameter can be
introduced. As in the case of topological sigma models one would expect that the
vacuum expectation values of the observables of the theory are independent of this
parameter, and therefore that one can localize this computation to the xed points
of the U(1) symmetry, as it has been argued in [19] from a dierent point of view.
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6. Conclusions
In this paper we have obtained equivariant extensions of the Thom form with
respect to a vector eld action, in the framework of the Mathai-Quillen formalism.
This construction can be regarded as a generalization of the equivariant curvature
constructions considered by Atiyah and Bott and Berline and Vergne. Furthermore,
we have shown that this equivariant extension corresponds to the topological action
of twisted N = 2 supersymmetric theories with a central charge. The formalism
we have introduced gives a unied framework to understand the topological struc-
ture of this kind of models. The appearance of potential or mass terms in twisted
N = 2 theories has been sometimes misleading, because one can think that these
additional terms spoil the topological invariance of the theory. As we have shown,
these models have a very simple topological structure in terms of equivariant coho-
mology with respect to a vector eld action, and of the corresponding equivariant
extension of the Mathai-Quillen form. We also have analyzed in detail two explicit
realizations of this formalism: topological sigma models with a Killing, almost
complex action on an almost hermitean target space, and topological Yang-Mills
theory coupled to twisted massive hypermultiplets.
There are other moduli problems, as the Hitchin equations on Riemann sur-
faces, with a U(1) symmetry or a vector eld action similar to the ones considered
in this paper. It would be interesting to study their Mathai-Quillen formulation
and its equivariant extension, and to relate them to twisted supersymmetric theo-
ries. But perhaps the most interesting extension of our work is to implement the
localization theorems of equivariant cohomology in this framework. It has been
shown in [12, 15] that the integral of a closed equivariant dierential form can be
always restricted to the xed points of the corresponding U(1) or vector eld ac-
tion. This can be used to relate, for instance, characteristic numbers to quantities
associated to this zero locus. The topological invariants associated to topological
sigma models and non-abelian monopoles on four-manifolds can be understood
as integrals of dierential forms on the corresponding moduli spaces. In the rst
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case we get the Gromov invariants, and in the second case a generalization of the
Donaldson invariants for four-manifolds. If we consider the equivariant extension
of these models, we could compute the topological invariants in terms of adequate
restrictions of the equivariant integration to the zero locus of the corresponding
abelian symmetry. In fact, it has been argued in [19] that localization techniques
can provide a explicit link between the Donaldson and the Seiberg-Witten invari-
ants, because their moduli spaces are precisely the xed points of the abelian U(1)
symmetry considered in (4.29), acting on the moduli space of SU(2) monopoles.
Perhaps the techniques of equivariant integration, applied to the equivariant dif-
ferential forms considered in this paper, can give an explicit proof of this link.
However, a key point when one tries to apply localization techniques is the com-
pactness of the moduli spaces. The vector eld action can have xed points on
the compactication divisors which give crucial contributions to the equivariant
integration. This situation arises in both the topological sigma model and the
non-abelian monopoles on four manifolds. It can be easily seen that, without
taking into account the compactication of the moduli space, one doesn't obtain
sensible results for the quantum cohomology rings or the polynomial invariants of
four-dimensional manifolds.
In our four-dimensional example we have seen that the equivariant extension
of the non-abelian monopole theory corresponds to the twisted N = 2 Yang-Mills
theory coupled to massive hypermultiplets. It would be very interesting to use
the exact solution of the physical theory given in [21] to obtain the topological
correlators of the twisted theory, as it has been done in [30, 40, 22, 31]. It seems
that the duality structure of N = 2 and N = 4 gauge theories \knows" about the
compactication of the moduli space of their twisted counterparts, and therefore
the physical approach would shed new light on the localization problem.
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